Abstract. We prove that two dual operator algebras are weak * Morita equivalent in the sense of [4] if and only if they have equivalent categories of dual operator modules via completely contractive functors which are also weak * -continuous on appropriate morphism spaces. Moreover, in a fashion similar to the operator algebra case, we characterize such functors as the module normal Haagerup tensor product with an appropriate weak * Morita equivalence bimodule. We also develop the theory of the W * -dilation, which connects the non-selfadjoint dual operator algebra with the W * -algebraic framework. In the case of weak * Morita equivalence, this W * -dilation is a W * -module over a von Neumann algebra generated by the non-selfadjoint dual operator algebra. The theory of the W * -dilation is a key part of the proof of our main theorem.
Introduction and Notation
An important and well-known perspective of understanding an algebraic object is to study its category of representations. For example, modules correspond to representations of a ring hence rings are commonly studied in terms of their modules. Once we view an algebraic object in terms of its category of representations, it is natural to compare such categories. This leads to the notion of Morita equivalence. The notion of Morita equivalence of rings arose in pure algebra around 1960. Two rings are defined to be Morita equivalent if and only they have equivalent categories of modules. Morita equivalence is a powerful tool in pure algebra, and it has inspired similar notions in operator algebra theory. In the 1970's Rieffel introduced and developed the notion of Morita equivalence for C * -algebras and W * -algebras. This is a useful and very important tool in modern operator theory. With the advent of operator space theory in the 1990's, Blecher, Muhly and Paulsen generalized Rieffel's C * -algebraic notion of Morita equivalence to non-selfadjoint operator algebras.
Recently we generalized Rieffel's variant of W * -algebraic Morita equivalence to dual operator algebras. By a dual operator algebra, we mean a unital weak * -closed algebra of operators on a Hilbert space which is not necessarily selfadjoint. One can view a dual operator algebra as a non-selfadjoint analogue of a von Neumann algebra. By a non-selfadjoint version of Sakai's theorem (see e.g. Section 2.7 in [7] ), a dual operator algebra is characterized as a unital operator algebra that is also a dual operator space.
In [4] we defined two dual operator algebras M and N to be weak * Morita equivalent if there exists a dual operator M -N -bimodule X, and a dual operator N -M -bimodule Y , such that M ∼ = X ⊗ is, via a completely isometric, weak * -homeomorphism which is also a M -bimodule map), and N ∼ = Y ⊗ σh M X as dual operator N -bimodules. Another notion of Morita equivalence for dual operator algebras introduced by Eleftherakis will be briefly discussed later in the introduction.
In the literature of Morita equivalence for rings in pure algebra, there is a popular collection of theorems known as Morita I, II and III. Morita I can be described as the consequences of a pair of bimodules being mutual inverses (X ⊗ N Y ∼ = M and Y ⊗ M X ∼ = N ). For dual operator algebras, most of the appropriate version of Morita I is proved in [4] . Morita II characterizes module category equivalences as tensoring with an invertible bimodule, and our main theorem here is a Morita II theorem for dual operator algebras. The Morita III theorem states that there is a bijection between the set of isomorphism classes of invertible bimodules and the set of equivalence classes of category equivalences; its appropriate version for dual operator algebras follows as in pure algebra and will be presented in [16] .
In [4] we proved that two dual operator algebras that are weak * Morita equivalent in our sense have equivalent categories of dual operator modules. In the present work, we prove the converse, a Morita II theorem: if two dual operator algebras have equivalent categories of dual operator modules then they are weak * -Morita equivalent in the sense of [4] . The functors implementing the categorical equivalences are characterized as the module normal Haagerup tensor product with an appropriate weak * Morita equivalence bimodule. In Section 2, we develop the theory of the W * -dilation, which connects the non-selfadjoint dual operator algebra with the W * -algebraic framework. In particular, we use the maximal W * -algebra C generated by a dual operator algebra M . Every dual operator M -module dilates to a dual operator module over C which is called the 'maximal dilation'. We show that every dual operator module is a weak * -closed submodule of its maximal dilation. Indeed, in the case of weak * Morita equivalence this maximal dilation turns out to be a W * -module ove C. The theory of the W * -dilation is a key part of the proof of our main theorem. In Section 3, we discuss some weak * Morita equivalence and W * -dilation results. In Section 4 and Section 5, we prove our main theorem. Many of the techniques and ideas in this paper are taken from [1] , [3] , [2] , [8] . We refer the reader to these papers for earlier ideas, proof techniques, and additional details. In some places we just need to modify the arguments in the present setting of weak * -topology, or merely change the tensor product. However, we need to develop new techniques to deal with a number of subtleties that arise in the weak * -topology setting.
Another notion of Morita equivalence for dual operator algebras was considered in [14] and is called ∆-equivalence. In [15] it was shown that the ∆-equivalence implies weak * Morita equivalence in the sense of [4] . That is, any of the equivalences of [14] is one of our weak * Morita equivalence. Both the theories have different advantages. For example, the equivalence considered in [14] is equivalent to the very important notion of weak * stable isomorphism. On the other hand, our theory contains all examples considered up to this point in the literature of Morita-like equivalence in a dual (weak * ) setting. There are certain important examples that do not seems to be contained the other theory but are weak * Morita equivalent in our sense. For example, in the selfadjoint setting the second dual of strongly Morita equivalent C * -algebras are Morita equivalent in Rieffel's W * -algebraic sense. In the non-selfadjoint case, the second dual of strongly Morita equivalent operator algebras in the sense of Blecher, Muhly and Paulsen are weak * Morita equivalent in our sense. Also, two 'similar' separably acting nest algebras are Morita equivalent in our sense but are not ∆-equivalent.
In [4] we showed that weak
* -algebra containing M as a w * -closed subalgebra that is generated by M as a W * -algebra, and has the following universal property: any normal representation π : M → B(H) extends uniquely to a (unital) normal * -representationπ : W * max (M ) → B(H) (see [10] ).
We will refer to Rieffel's W * -algebraic Morita equivalence (see [17] ) as 'weak Morita equivalence' for W * -algebras, and the associated equivalence bimodules as 'W * -equivalence-bimodules' (see e.g. Section 8.5 in [7] ). We use the normal module Haagerup tensor product ⊗ σh M throughout the paper. We refer to [15] Proof. It is known that (see e.g. Theorem A.5.9 in [7] ) the range of a contractive homomorphism between a C * -algebra and a Banach algebra is a C * -algebra and moreover such homomorphisms are * -homomorphisms. To see that the range of θ is w * -closed, consider the quotient map D/ker(θ) → B which is an isometry, and apply the Krein-Smulian theorem.
Thus if X is a left dual operator module over a W * -algebra D, and if we let θ : D → CB(X) be the associated unital w * -continuous contractive (equivalently completely contractive by Proposition 1.2.4 in [7] ) homomorphism, then the range of θ is a W * -algebra. Proof. If θ is the restriction to M of a w * -continuous completely contractive homomorphism φ : D → CB(X) then the M -action on X can be extended to a D-action
Note that the D-module action x → dx on X, for x ∈ X and d ∈ D, is a multiplier (see e.g. Section 4.5 in [7] ), hence it is weak * -continuous by Theorem 4.1 in [6] . The D-module action on X is separately w * -continuous and completely contractive. Hence X is a dual operator D-module. The converse is obvious. To see the uniqueness assertion, suppose that φ 1 and φ 2 are two w * -continuous contractive homomorphisms D → CB(X), extending θ. By Theorem 2.1, the ranges E 1 and E 2 , of φ 1 and φ 2 respectively, are each W * -algebras, but with possibly different involutions and weak * -topologies. We will write these involutions as ⋆ and # respectively. With respect to these involutions φ 1 and φ 2 are * -homomorphisms. Note, CB(X) is a unital Banach algebra and E 1 and E 2 may be viewed as unital subalgebras of CB(X), with the same unit. Let a ∈ M and f be a state on CB(X). Then f |E i is a state on E i for i = 1, 2. Thus
# is a Hermitian element in CB(X) with numerical radius 0, hence u = 0. This implies that φ 1 (a * ) = φ 2 (a * ), since φ 1 and φ 2 are * -homomorphisms. Hence φ 1 equals φ 2 on the * -subalgebra generated by M in D. By weak * -density, it follows that
This immediately gives the following: ′ , and any w * -continuous completely bounded M -module map T : X → X ′ , there exists a unique w * -continuous completely bounded D-module mapT : E → X ′ such thatT • i = T , and also T cb = T cb . Some authors also use the terminology 'D-adjunct' for D-dilation (see [1] ).
The assertion in (2) above implies that i(X) generates E as a dual operator D-module. To see this, let E ′ = Di(X) w * , and consider the quotient map q :
Hence the assertion in (2) in the above definition implies that the map q = 0. Thus E = E ′ . Up to a complete isometric module isomorphism there is a unique pair (E, i) satisfying (1) and (2) in the above definition. To see this, let (E ′ , i ′ ) be any other pair satisfying (1) and (2), then there exists a unique w * -continuous completely contractive D-module linear maps ρ : E → E ′ and φ :
One concludes that ρ • φ is the identity map on i ′ (X) and φ • ρ is the identity map on i(X). Since i(X) and i ′ (X) generate E as a dual operator D-module, and since φ and ρ are w * -continuous complete contractions, this implies that φ and ρ are complete isometries. Remark 2.6. From the above it is clear that the D-dilation (E, i) is the unique pair satisfying (1) , and such that for all dual operator D-modules X ′ , the canonical map
given by composition with i, is an isometric isomorphism. Note that by using (1.7) and Corollary 1.6.3 in [7] , it is easy to see
, where I n ⊗ m denotes the diagonal matrix in M n (M ) with diagonal entries m. Indeed, if X is a dual operator M -module, the above module action is completely contractive and by Corollary 1.6.3 in [7] , this action is separately w * -continuous. This proves that
) for all dual operator D-modules X ′ , which implies that i * is a complete isometry. Thus the D-dilation E of X satisfies:
completely isometrically.
By the dual operator module version of Christensen-Effros-Sinclair theorem (see e.g. Theorem 3.3.1 in [7] ), X ′ in Definition 2.5 can be taken to be B(H, K), where K is a normal Hilbert D-module and H is a Hilbert space. In fact, by a modification of Theorem 3.8 in [1] , we may take X ′ = K. We are going to prove this important fact in the next theorem but before that we need to recall some tensor products facts.
For operator spaces X and Y , we denote the Haagerup tensor product of X and Y by X ⊗ h Y . If Z is another operator space, CB(X × Y, Z) denotes the space of completely bounded bilinear maps from X × Y → Z (in the sense of Christensen and Sinclair). It is well known that CB(X × Y, Z) ∼ = CB(X ⊗ h Y, Z) completely isometrically (see e.g. 1.5.4 in [7] ).
If X and Y are two dual operator spaces, we use (X ⊗ h Y ) * σ to denote the subspace of (X ⊗ h Y ) * corresponding to the completely bounded bilinear maps from X × Y → C which are separately w * -continuous. Then we define the normal Haagerup tensor product X ⊗ σh Y to be the operator space dual of (X ⊗ h Y ) * σ . If Z is another dual operator space, we denote by CB σ (X ×Y, Z) the space of completely bounded bilinear maps from X × Y → Z which are separately w * -continuous. By the matrical version of (5.22) in [11] ,
Suppose X is a right dual operator M -module and Y is a left dual operator Mmodule. A bilinear map u :
* corresponding to the completely bounded balanced bilinear maps from X × Y → C which are separately w * -continuous, where ⊗ hM denotes the module Haagerup tensor product (see e.g. 3.4.2, 3.4.3 in [7] ). By Proposition 2.1 in [15] , the module normal Haagerup tensor product X⊗ σh M Y may be defined to be the operator space dual of (X⊗ hM Y ) * σ . If Z is another dual operator space, we denote by CB Mσ (X ×Y, Z) the space of completely bounded balanced separately w * -continuous bilinear maps. By Proposition 2.2 in
In order to prove the next lemma, we will introduce some notation. Let ⊗ denotes the operator space projective tensor product (see e.g. 1.5.11 in [7] ). In the case, when Z = C, we denote CB
For any Hilbert spaces H and K and dual operator space
Proof. For any dual operator space X, we have the following isometries:
using Proposition 1.5.14 (1) and (1.50) from [7] . Consider
using (1.51) and Proposition 1.5.14 (1) in [7] , and associativity of the normal Haagerup tensor product.
Similarly we have the module version of the above lemma:
Lemma 2.8. Let X be a left dual operator M -module and K be a normal Hilbert Mmodule. Then for any Hilbert space H, CB
Proof. The first isomorphism follows as above with completely bounded maps replaced with module completely bounded maps. Consider
⊗ M − and a variant of Proposition 2.9 in [4] .
We would like to thank David Blecher for the proof of the following lemma. 
Thus S ⊗ I H is a completely isometric and w * -homeomorphic map.
Conversely, suppose (ii) holds. Fix a η ∈ H with η = 1.
• v is a complete isometry. To see S is onto, suppose for the sake of contradiction that it is not. Then by the Krein-Smulian theorem G = Ran(S) is a weak
c . So r = 0. Hence ϕ(y) ⊗ ζ = 0 for all ζ ∈ H and y ∈ Y . This implies ϕ = 0, which is a contradiction.
Theorem 2.10. Suppose E is a left dual operator D-module and i
: X → E is a w * -continuous completely contractive M -module map. Then (E, i) is the D-dilation of X if and only if the canonical map i * : CB σ D (E, K) → CB σ M (X, K) as
defined above is a complete isometric isomorphism, for all normal Hilbert D-modules K.
It is sufficient to take K to be the normal universal representation of D or any normal generator for D H in the sense of [10] , [17] .
Proof. Consider the following sequence of complete contractions:
σh D E where the last map in the sequence comes from the multiplication D × E → E. Taking the composition of the above maps, we get a complete contraction S :
Tensoring S with the identity map on H, we get a w * -continuous, completely contractive linear map
. From a well known weak * -topology fact,
From Lemma 2.8, and standard weak * -density arguments, it follows that T equals i * , as defined earlier. Indeed, we use the duality pairing, namely,
* is an isometric isomorphism if and only if S 1 is an isometric isomorphism if and only if S is an isometric isomorphism by Lemma 2.9. Note that with H = C in Lemma 2.8,
For the last assertion, note that every nondegenerate normal Hilbert D-module K is a complemented submodule of a direct sum of I copies of the normal universal representation or normal generator, for some cardinal I (see e.g. [10] ). Therefore we need to show that if CB 
completely isometrically for any dual operator spaces X and Y which are also M -modules (see page 156 in [12] ). Here M I,1 (X) denotes the operator space of columns of length I with entries in X, whose finite subcolumns have uniformly bounded norm.
The following lemma shows the existence of the D-dilation. The normal module Haagerup tensor product D ⊗ σh M X (which is a dual operator D-module by Lemma 2.3 in [4] ) acts as the D-dilation of X. We note that, since by Lemma 2.10 in
′ is as in Definition 2.5, then by the functoriality of the normal module Haagerup tensor product, 
Proof. The one direction (2) implies (1) is obvious. For the difficult direction, suppose that m is the module action on X ′ . Then we have the following sequence of canonical w * -continuous completely contractive M -module maps:
The composition of these maps equals j, which is a complete isometry. This forces i to be a complete isometry which proves the assertion.
In the case that
. This is the key point in proving our main theorem (Section 4). The reason we work mostly with maximal dilation instead of any arbitrary dilation is the following result.
Corollary 2.13. For any left dual operator
Proof. This follows from the previous result, the Christensen-Effros-Sinclair-representation theorem for dual operator modules, and the fact that every normal Hilbert Mmodule is a normal Hilbert C-module for the maximal W * -algebra generated by M (i.e. the universal property of C).
Hence, we may regard X as a w
There is a similar notion of W * -dilation for right dual operator modules or dual operator bimodules. The results in this section carry through analogously to these cases.
Morita equivalence of dual operator algebras
In this section, M and N are again dual operator algebras. We reserve the symbols C and D for the maximal W * -algebras W * max (M ) and W * max (N ) generated by M and N respectively. We refer the reader to [4] if further background for this section is needed.
We begin with the following normal Hilbert module characterization of W * -algebras which is proved in Proposition 7.2.12 in [7] . (1) Suppose that E and F are weakly Morita equivalent W * -algebras in the sense of Rieffel [17] , and that Z is a W * -equivalence F -E-bimodule (see 8.5.12 in [7] ), and that W = Z is the conjugate E-Fbimodule of Z. Then we say that (E, F , W, Z) is a W * -Morita context (or W * -context for short).
(2) Suppose that M and N are dual operator algebras, and suppose that E and F are W * -algebras generated by M and N respectively. Suppose that There is a similar definition and symmetric theory where we replace the words 'left' by 'right' or 'two-sided'.
Remark 3.4. Note that (2) 
Write L ′ for the same set, but with entries from the −w * . The copy of N may be identified with (Y M X) −w * . Thus, Theorem 3.5 tells us that C is weakly Morita equivalent to F (C) as W * -algebras. Similarly, if D is a W * -algebra generated by N , then we write
−w * * -isomorphically and w * -homeomorphically. By associativity of the module normal Haagerup tensor product and Lemma 2.10 in [4] , G(F (C)) ∼ = C, and F (G(D)) ∼ = D * -isomorphically. One can think of F as a mapping between W * -covers of M and N . There is a natural ordering of W * -covers of a dual operator algebra. If (A, j) and (A ′ , j ′ ) are W * -covers of M , we then define (A, j) ≤ (A ′ , j ′ ) if and only if there is a w * -continuous * -homomorphism π :
It is an easy exercise (using that the range of π is w * -closed) to check that π is surjective. Proof. From the above discussion, the bijectivity is clear. Suppose φ : C 1 → C 2 is a w * -continuous quotient * -homomorphism between two W * -algebras generated by M , such that φ| M = Id M . Then by Corollary 2.4 in [4] 
X is a w * -continuous completely contractive map with w * -dense range, which equals the identity when restricted to the copy of N . It is easy to check thatφ is a homomorphism on the w * -dense subset Y ⊗ C 1 ⊗ X. Therefore by w * -density,φ is a homomorphism. Hence by Proposition A.5.8 in [7] , φ is a * -homomorphism and is onto. Hence, φ is order preserving. 
and K is also a normal universal Hilbert N -module (see e.g. remark on page 6 in [10] 
Proof. Since the pairing [·, ·] : Y × X → N has w * -dense range, we can pick a net e t in N which is a sum of terms of the form [y, x], for y ∈ Y , x ∈ X, such that e t w * → 1 N . Hence we t w * → w for all w ∈ W . Thus, sums of terms of the form w[y, x], for w ∈ W, x ∈ X, y ∈ Y are w * -dense in W . However, w[y, x] = (w, y)x ∈ EX which shows that EX is w * -dense in W . Thus, X generates W as a left dual operator E-module. Assertions 
completely isometrically and w * -homeomorphically. However, the pairing (·, ·) : 
Hence, the composition of these maps
is the identity map, from which it follows that [4] . For the converse, let C and D be the usual maximal W * -algebras of M and N respectively, and let (M, N, X, Y ) be a left dilatable subcontext of (C, D, W, Z). Using Lemmas 2.13 and 2.11, we have Note that by Corollary 3.5.10 in [7] ,
In the above definition, by the functor F being w * -continuous on morphism spaces,
, and if f also lies in
. Similarly for the functor G. We also assume that the natural transformations coming from GF ∼ = Id and F G ∼ = Id are weak * -continuous in the sense that for all V ∈ M R, the natural transformation
There is an obvious analogue to 'right dual operator Morita equivalence', where we are concerned with right dual operator modules. Throughout, we write C and D for W * max (M ) and W * max (N ) respectively. We now state our main theorem: We will use techniques similar to those of [2] and [3] to prove our main theorem. Mostly this involves the change of tensor product and modification of arguments in the present setting of weak * -topology. The following lemmas will be very useful to us. Their proofs are almost identical to analogous results in [2] and therefore are omitted.
Lemma 4.6. The functors F and G restrict to a completely isometric functorial equivalence of the subcategories M H and N H.
Proof. Let H ∈ M H. Recall that H with its column Hilbert space structure H c is a left dual operator M -module. We need to show that K = F (H c ) ∈ N H or equivalently F (H c ) is a column Hilbert space. For any dual operator space X and m ∈ N, we have X ⊗ h C m = X ⊗ σh C m . Hence by Proposition 2.4 in [2] , it suffices to show that the identity map K ⊗ min C m → K ⊗ σh C m is a complete contraction for all m ∈ N. Since all operator space tensor products coincide for Hilbert column spaces, we have
using Lemma 4.5 and G(K) ∼ = H c . Also, using Lemma 4.3 and Lemma 4.4 we have 
Taking the composition of above maps gives a complete contraction
Corollary 4.7. The functors F and G restrict to a completely isometric equivalence of C H and D H.
Proof. This is Corollary 3.2 proved earlier.
Also, this restricted equivalence is a normal * -equivalence in the sense of Rieffel [17] , and so C and D are weak Morita equivalent in the sense of Definition 7.4 in [17] . Next consider maps φ : Z → B(H, K), and ρ : W → B(K, H) defined by φ(z)(ζ) = F (r ζ )(z), and ρ(w)(η) = ω H G(r η )(w), for ζ ∈ H and η ∈ K where ω H : GF (H) → H is the w * -continuous M -module map coming from the natural transformation GF ∼ = Id. Again r ζ : C → H and r η : D → K are the obvious right multiplications. As ω H is an isometric onto map between Hilbert spaces, ω H is unitary and hence also a C-module map by Corollary 2.3. One can check that: Proof. We will prove that the maps φ and ρ are w * -continuous. The rest of the assertions follow as in Lemma 4.2 in [3] and by von Neumann's double commutant theorem. To see that φ is w * -continuous, let (z t ) be a bounded net in Z such
That is, φ(z t ) → φ(z) in the WOT and it follows that φ is weak * -continuous. A similar argument works for ρ.
We will follow the approach of [2] to prove the selfadjoint analogue of our main theorem, which involves a change of the tensor product. Nonetheless, for completeness we will give the proof. Proof. In [4] we saw that the weakly Morita equivalent W * -algebras (in the sense of Rieffel) are weak * Morita equivalent. Hence by Theorem 3.5 in [4] , they have equivalent categories of dual operator modules and the assertion about the form of the functors also holds.
For the other direction, observe that by Corollary 4.6, the functors F and G restrict to a completely isometric equivalence of A H and B H. Hence, by Definition 7.4 in [17] , A and B are weakly Morita equivalent in the sense of Rieffel. We will follow [2] to prove rest of the assertions.
By the polarization identity and Lemma 4.10, W is a right C * -module over B with inner product w 1 , w 2 B = ρ(w 1 ) * ρ(w 2 ), for w 1 , w 2 ∈ W . Similarly, W is a left C * -module over A by setting A w 1 , w 2 = ρ(w 1 )ρ(w 2 ) * . To see that this inner product lies in A, note that, since the range of (.) is w * -dense in A, we can choose a net in
follows that ρ(w)ρ(w) * is a weak * limit of finite sums of terms of the form ρ(w)(ρ(w)
Thus ρ(w)ρ(w) * ∈ A. By the polarization identity ρ(w 1 )ρ(w 2 ) * ∈ A. Similarly, Z is both a left and a right C * -module. To see that Z is a w * -full right C * -module over A, rechoose a net in A of the form e α = n(α) k=1 ρ(w k )φ(z k ) such that e α → I H strongly, so that e * α e α → I H weak * as done in Theorem 4.4 in [4] . However e * [7] and Lemma 4.9, Z ∼ = W completely isometrically. Let V ∈ A R. By Lemma 4.3, Lemma 4.4 above, Theorem 2.8 in [5] , and the fact that Z ∼ = W , we have the following sequence of isomorphisms: 
. Since ρ is a complete isometry, the induced norm on W coming from the inner product coincides with the usual norm. Similarly Z is a right W * -module over C. Also, W (or equivalently ρ(W )) is a w * -full left W * -module over E = weak * closure of ρ(W )ρ(W ) * , with the obvious inner product E w 1 , w 2 = ρ(w 1 )ρ(w 2 ) * . We will show that E = C. Analogous statements hold for D and φ. It will be understood that whatever a property is proved for W , by symmetry, the matching assertions for Z hold.
Let L w be the linking W * -algebra for the right W * -module W , viewed as a weak * -closed subalgebra of B(H ⊕ K). We let A = weak * closure of ρ(W )φ(Y ). It is easy to check, using the fact that φ(Y )ρ(W ) ∈ D (see above Lemma 4.10) and Lemma 4.10, that A is a dual operator algebra. By the last assertion of Lemma 4.8 and (4.1), M = ρ(X)φ(Y ) w * ⊆ A and the identity of M is an identity of A. We let U be the weak * closure of Dφ(Y ), and we define L to be the following subset of [7] ), hence ρ(W ) = ρ(W )D by Cohen's factorization theorem (A.6.2 in [7] ). For the same reason,
Comparing corners of these algebras gives E = A and U = ρ(W ) * . Thus, M ⊆ E, from which it follows that C ⊆ E, since C is the W * -algebra generated by M in B(H). Thus ρ(W ) is a left C-module, so W can be made into a left C-module in a unique way (by Theorem 2.2). Also by Corollary 2.3, ρ is a left C-module map. By symmetry, Z is a left D-module and φ is a D-module map,
w * ⊂ C and thus E = A ⊂ C. Thus E = A = C, and that
. This proves the theorem.
5. W * −restrictable equivalences Definition 5.1. We say that a dual operator equivalence functor F is W * -restrictable, if F restricts to a functor from C R into D R.
We prove our main theorem under the assumption that the functors F and G are W * -restrictable. Later we will prove that this condition is automatic; i.e., the functors F and G are automatically W * -restrictable. 
Hence, by the discussion following Definition 2.5, and by Lemma 2.11, we have W ∼ = C ⊗ 
